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Abstract

This study investigates the vertical motion of a skydiver under the influence of aerodynamic drag
and variable atmospheric conditions. A mathematical model is developed based on Newton’s
second law, incorporating a quadratic drag force that depends on air density, velocity, drag
coefficient, and reference area. Unlike simplified approaches, this study accounts for altitude-
dependent air density using a standard atmospheric model, allowing for more realistic simulation
of high-altitude descent. The transition between freefall and parachute deployment is modeled
using a logistic function to represent gradual canopy inflation. The resulting nonlinear differential
equations are solved numerically using the fourth-order Runge—Kutta (RK4) method. Simulation
results show that aerodynamic drag plays a dominant role in limiting velocity, leading to the
formation of terminal velocity during freefall and a significantly reduced steady-state velocity after
parachute deployment. Additionally, the inclusion of variable air density improves the accuracy of
velocity predictions, particularly at higher altitudes where density variations are significant. The
findings demonstrate that combining aerodynamic modeling, atmospheric variation, and numerical
methods provides a more comprehensive understanding of skydiving dynamics.

Keywords: Skydiving Dynamics, Aerodynamic Drag, Terminal Velocity, Atmospheric Model,
Parachute Deployment.

1. Introduction

The concept of skydiving is first found by the Frenchman Andre-Jacques Garnerin at 1797
[1]. Despite it having existed from that era, skydiving still contains significant amount of risk.
Earlier research in 1985 to 2005 indicates that the injury rate in civilian skydiving ranges from 140
to 174 and 0.85 and 7.7 fatalities for every 100000 jumps [2]. In recent data, the skydiving injury
rate has decreased, where reports from the German, American, and British Parachute Associations
evaluates 62 million jumps, which shows an average of 3200000 jumps per year with an average
injury rate of 0.044% and an average fatality rate of 0.0011% [3]. Due to this, skydiving remains a
high-risk activity. The injury in skydiving is typically because of human factors, where the
incorrect flare maneuver, and hook turns, where experienced skydivers turn at lower heights,
causing incorrect landing [4]. There’s also a risk of skydiving deaths due to the parachute
malfunctioning, which is rare contrary to popular belief [5].
The safety of skydiving is closely related to the control of aerodynamic forces acting on the
body. Without sufficient aerodynamic drag, a falling body accelerates under gravity and reaches a
high terminal velocity, leading to severe impact forces while landing [6]. With parachute, the wind
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resistance increases, causing the terminal velocity to lower significantly, which decreases the
impact force while landing [7]. However, in deployment of the parachute, there are rare risks of
Parachute Opening Shock (POS), where the force of the opening of the shock fractures or injures
the body [8]. This is why safety procedures and improvements to the parachute mechanism keep
evolving throughout the years, where the slider in parachute bag is invented to reduce the force of
opening ram-air parachutes [9]. With all these factors in mind, the research is done to determine
the forces working on the human body while skydiving, and how parachute deployment will affect
the safety of freefall. Altitude will also be analyzed, as the wind density gets affected with different
altitudes [10]. The report aims to make a simplified, yet realistic model, with different factors
playing into skydiver using dynamics concept and numerical methods.

Different studies have brought into factor on how aerodynamic drag and altitude affects wind
drag for skydivers. One such test is a wind tunnel simulation to simulate free-fall experiments. The
skydiving has a nonlinear nature, with many factors such as body configurations, aerodynamic
forces, and posture [11]. With the aerodynamics studies, the typical belly-to-earth position will give
an air coefficient of 1.0 [11][12]. Studies using Computational Fluid Dynamics also examine how
aircraft exit stage affect the wind flow of skydiver, where exiting the aircraft gives a significant
amount of wind drag due to turbulence [13]. The aerodynamic drag paired with the thermodynamics
are also reasons of skydiving distance limit, which is theoretically 45400 meters, although several
factors decrease the maximum altitude significantly [14]. Studies have simplified the forces to
vertical forces, where the wind drag and body mass are the significant forces acting on the skydiver
[15].

The altitude affects wind density, causing the drag force to change with the altitude. Research
from AIAA and Simene simulates aircrafts at different atmospheric heights, where it concludes that
each atmosphere layer will decrease air density at higher heights [16], [17]. The physical reason is
the decrease in gravity at higher heights, causing less air pressure, which will decrease the density
of air [18]. Another study proves this, where different people are tested to do activities above 6000
feet. The studies states that the deep, rapid breathing, added with exhaustion at performing simple
tasks, due to the lack of oxygen in higher altitudes [19].

RK4 Method is used to calculate the next parameters on time. Due to the nonlinear nature of
the equations, RK4 is applied to solve the nonlinear equations from the varying aerodynamics drag
and atmospheric density. Studies have attempted to solve velocity-squared drag projectile motion
with analytical method, but the nonlinearities proved to be difficult to solve analytically [20]. As a
result, RK4 method is utilized to compute velocity and displacement with high accuracy with the
actual data, even with asymmetric trajectories. RK4 has also been refined using contra-harmonic
averaging approach, where each constant of RK4 is averaged to improve accuracy on a numerical
method that is known for its accuracy, showing that improvements on accuracy is possible for RK4
[21]. With these considerations, this study aims to analyze the influence of altitude and parachute
area on velocity, acceleration, and descent behavior during freefall and parachute deployment. To
achieve this, the objectives are: (1) to develop a numerical skydiving model that incorporates
nonlinear aerodynamic drag, variable atmospheric density, and gradual parachute deployment,
solved using the RK4 method; and (2) to compare the resulting model predictions with real-world
skydiving data to assess the accuracy of a one-dimensional nonlinear motion model in simulating
freefall.
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2. Materials and Methods

This study develops a physics-based model of the vertical motion of a skydiver subjected to
aerodynamic drag under varying atmospheric conditions, based on a free-body analysis and
Newton's second law. The implementation is done using MATLAB, where the governing equations
of time (t), height (h), using the altitude-dependent density (p) are solved for velocity (v) and height
(h) using the RK4 method. There are few assumptions that are done to simplify the analysis while
maintaining physical relevance, several assumptions are made. First, the altitude range considered
is assumed to span the troposphere to the lower stratosphere, approximately 3—-12 km (10,000—
40,000 ft), consistent with typical skydiving deployment altitudes of 10,000-15,000 ft and HALO
(High Altitude Low Opening) jumps of 5-12 km [22], [23]. Another assumption is a stable vertical
motion on the parachute, to focus on the dominating vertical force that wind creates on sky-fall.
The parachute inflation process is also assumed to inflate symmetrically, using the logistic function.
The mass of the human body is 80 kg [24], according to the average human weight. The drag
coefficients are 1.0 for human body [25], and 1.5 for the parachute [26], according to studies on
parachute aerodynamics. The frontal area of human body is approximately 0.7 m?, and 25 m? for
the parachute. The initial deployment altitude will be done at 5000 and 20000 meters respectively.
Then, the parachute will be deployed at the height of 500 m.

2.1. Equation of motion

2.1.1 Equation of air density

Since the height is between the lower stratosphere and troposphere, using the NASA’s atmospheric
model [27], the air pressure in troposphere, with the assumption of Hydrostatic equilibrium and
Ideal Gas, is as follows

T(h) = T, — 0.0065h 1)
Mg
RL
pop, T(h) + 273.15 @
T, + 273.15

Where Py is the initial pressure of 101.29 Kpa, the g is the acceleration of gravity, T is the
temperature, where the initial temperature T, is 15.04° C, M is the molar mass of air calculated to
be 0.028694 %, R is the Ideal Gas constant, which is 8.314 $ and L is a temperature lapse

rate, which is approximated to be 0.0065 K/m. As for the lower stratosphere, the air pressure is
finalized to be

P = 22.65 . ¢1-73-0.000157h -

Using this Pressure, we can determine the air density.
~ P(h)
P =0.2869 - (T(h) + 273.15)

(4)

2.1.2 Logistic Function
As for the parachute the inflation is done using the logistic function, due to the assumption that the
parachute inflates symmetrically.

tinflation_ttime of stretch

Tinflation (5)

finflation =1-e
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Where Tinf14ti0n 1S the constant controlling the speed of inflation, valued at 0.8 seconds, and
the tinfiation IS the time of parachute inflation. Deployment is modelled in two stages: a 0.5

second line-stretch delay during which no drag-area increase occurs, followed by logistic inflation
phase described in equation 5. The fi,riation IS @ dimensionless unit and ranges from 0 to 1,

representing the fraction of full canopy inflation at time t. The model is derived by logistic function,
where it is used for the growth of the size of the parachute, assuming it opens symmetrically [28].

2.1.3 Free-body diagram analysis
The free-body diagram of a skydiver with no parachute can be shown in Figure 1.

Fdrag

W =mg

Figure 1. 1D free-body diagram of a skydiver, with and without parachute

Using the Newton’s 2™ law, we can determine the acceleration of the forces at the skydiver.

m'a=W—deg (7)
Where Fg,.q4 is the air drag force, which is found by:
1 2
Farag = ECdAp(h)v (8)
Where C, is the coefficient of drag, A is the reference area, p(h) is the altitude-dependent air

density from Equation 4, and v is the instantaneous descent velocity. The acceleration can be derived
as % to be used in the RK4 numerical method.

a= Z—: =g- %C},IA/)(h)v2 9)
Similarly, knowing the velocity is displacement in respect to time, we can find the differential
equation of;
dh
a =’ (10)

At the state of parachute inflation, the FBD is shown in Figure 2.
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Figure 2. 1D Free-Body Diagram of a skydiver with parachute

According to Newton’s 2" law, the acceleration can be determined by finding the same forces.

LF, = ma (11)
ma=W — Fgqq4 (12)

1
ma =mg — EC,,ZAp(h)v2 (13)

During deployment, the total drag force is modeled as the superposition of the drag force generated
by the human body and the drag force generated by the parachute canopy, weighted by the inflation
fraction. Since drag force scales with the product of the drag coefficient and reference area rather
than with each quantity separately, this study defines a combined drag-area term as a linear blend
of the human-body and parachute drag-area products, rather than blending the drag coefficient and
area separately. This is a modeling assumption of this study, representing a first-order
approximation of the added-drag transition during gradual canopy deployment, and is expressed as

follows.
tinflation_ttime stretch
finflation =1-—e Tinflation (14)
(CdA)total = (CdA)human + finflation : (CdA)parachute (15)

Rest of the differential equation is similar to the first state, which is as follows.

dv 1
a= E =9 - ﬁ (CdA)totalp(h)vz (16)
dh
- 17
T (17)

2.1.4 RK4 Method

Using the RK4, with the time step being 0.05 seconds and 300 seconds simulation times, we
can compute the RK4 method to numerically integrate the velocity at the next loop. Both of these
RK4 method will be applied on both states. RK4 is typically solved for linear differential equations,
which can determine the next state of velocity and height for parachute skydiving [30].

https://doi.org/10.70028/cpir.v2i2.109
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1
Upt1 =V t+ g(klv + 2k2v + 2k31; + k4v) (18)
1
huyr = hy + 5 (kyn + 2kan + 2ksp + kan) (19)
Solving for k,
dv (CaAp(R)v?
fay = & (E ©e m) A (9 " om (20)
dh
kyp = At (E (t,v, h)) =At- (v) (21)
Solving for k,

dv At K1y kin
k“‘”(%(”?”?'“?) (22)
= At dv . At K1y B kin

v =t |G (47 o SR+ (23)
B dh At kiy kin\\ _ kiy
kz'h_At<E(t+7,v+7,h+T) —At(v+7) (24)
Solving for ks
3 dv At Ky kop (25)
ks, = At(E(t +7,U+7,h +T)
k Koy
oy Gl ) 5)
w = A 97 2m (26)
B dh At K2y kan\\ _ K2y
"&h‘“(&(”?”*?"*?) =at(v+7) (27)
Solving for k,
dv
k4—,17 = At E(t + At,v + k317' h + k3h) (28)
PR CaAp(h + k3p) (W + k3,)?
w= 2\ 2m (29)
dh
k4—,h = At E(t + At,v + k317' h + k3h) = At(v + kgv) (30)

After defining each parameter and equations, the simulation is done. The
simulation begins by defining initial conditions and system parameters, including
mass, drag coefficient, and reference area. Arrays are initialized to store time-
dependent variables such as velocity and altitude. At each step, atmospheric
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properties are updated based on the current altitude. The governing equations are
then solved using the RK4 method to obtain the system’s state in the next iteration.
Then, the results are visualized through plots of velocity and altitude as functions
of time, providing insight into the aerodynamic behavior of the system. The
parameters that are utilized are position (h), velocity (v), and acceleration (a) of
skydiver. The impact velocity and terminal velocity are also compared to the
actual data of skydiving terminal velocity. In addition, the parachute area will
follow based on real parachute, where 15 m?, 25 m?, and 33 m?, following the area
of Opale Rescue Parachute, Ultra Cross 100, and Sky Country SQ-33 Parachute
respectively. The schematics on Figure 3 show the rough sketch on the parachute
canopy area.

(a) 15 m? canopy (b) 25 m? canopy (¢) 33 m? canopy

Figure 3. Representative schematics of parachute canopy models used for the parametric study

3. Results and Discussion

Before presenting the simulation results, the numerical implementation procedure is
summarized below. At each time step, the atmospheric density is first computed from the current
altitude using the model described in Eq. (1)—(4). The parachute deployment state is then checked
against the deployment altitude: if the parachute has not yet been deployed, the drag-area term uses
only the human-body contribution; otherwise, the inflation fraction is computed from the logistic
function (Eqg. 5) and the combined drag-area term is updated accordingly (Eq. 8). The RK4 method
is then applied to advance velocity and height to the next time step. This procedure repeats until
the skydiver reaches ground level (h = 0) or the simulation time limit is reached. The complete
procedure is given in Algorithm 1.

Input: m, g, Cd human, A human, Cd parachute, A parachute,
t_inflation, deploy altitude, h0, At, t_end

Output: v(t), h(t), a(t), impact velocity

1: t <0, v.«0, h<hO

2: while t < t end and h > 0 do

3: o « compute air density at h > Eqg. (1)-(4)

4: if h <= deploy altitude then

5: f inflation « 1 - exp(-(t - t deploy)/t inflation) > Eg. (5)

6: (Cda) total « (CdA) human + f inflation - (CdA) parachute D> Eq. (8)
7 else

https://doi.org/10.70028/cpir.v2i2.109
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8:

9:

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

22:

23:

(Cda) total
end 1if
kl v « At - [g

kl h « At - v

k2 v « At - [g
k2 h « At - (v
k3 v « At - [g

k3 h « At - (v

kd v « At - [g
k4 h « At - (v
Vo v +
h < h +
store v, h, a,

t « t + At
end while

return v (t),

—

+

t

(CdA) _human

(CdA) total:-p-v?
(Cda) total:p- (v
kl v/2)
(CdAa) total:p- (v
k2 v/2)
(Cda) _total p- (v

k3 v)

(k1 v + 2k2 v + 2k3 v + k4 v)

(k1_h + 2k2_h + 2k3 h + k4_h)

h(t), a(t), v.at h =0

k3 v)? /

(2m) ]

kl_v/2)2 / (2m)]
k2_v/2)2 / (2m)]
(2m) ]

/ 6
/ 6

Algorithm 1. Pseudocode of the MATLAB Simulation

The simulation parameters used across all scenarios are summarized in Table 1. These values
remain fixed across the parametric study, with only the parachute area and atmospheric layer varied
between scenarios to examine their effect on descent behavior.

Table 1. Initial Parameters defined for simulation

No. Parameter Symbol Value  Unit
1. Skydiver mass m 80 Ke
2. Gravitational acceleration g 9.81 m/s?
3. Human drag coefficient Cd_human 1.0 )
4. Parachute drag coefficient Cd_parachute 1.5 )
5. Human frontal area A_human 0.7 m?
6. Parachute canopy area (varied) A_parachute 15:’3 5 >
7. Initial altitude — Troposphere case h0 5000 m
8 Initial altitude — Lower Stratosphere case ho 20000 ™
9 Parachute deployment altitude deployment_altitude 500 M
10 Line-stretch time line_stretch_time 0.5 S
11 Inflation time constant t_inflation 0.8 S
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. S
12 Time step At 0.05
. . . . S
13 Total simulation time t_final 3000
kPa
14 Sea-level reference pressure Py 101.325
°C
15 Sea-level reference temperature To 15.04
.. kPa
16  Stratosphere base pressure coefficient - 22.65
5000 Altitude vs Time (Troposphere)
15 m
4000 - 25m?
—_— a3
3000
E
:g] 2000
©
I
1000 —
ol
1000 I | | | I I | |
1] 20 40 60 80 100 120 140 160 180 200
Time (s)
50— Velocity vs Time (Troposphere)
— 15
50 — 25 mi
— 33 T
= 40 —
E
230
8
[
=20
10
0 | | | | L | | I
1] 20 40 60 80 100 120 140 160 180 200

Time (s)
Figure 4. Altitude and Velocity graph of Troposphere distance

Figure 4 shows three distinct phases. In Phase 1 of freefall, velocity increases rapidly from 0
as gravity dominates over the small aerodynamic drag force, making altitude decreases at an
accelerating rate. In this phase, the drag that scales with v is negligible at lower speed. In Phase 2,
drag grows quadratically with velocity until it approaches gravitational force, and velocity
asymptotically approaches terminal velocity. This causes the altitude to decrease at a nearly
constant, maximum rate. In Phase 3, following parachute deployment, the sudden increase in
effective drag area and coefficient causes a sharp deceleration, after which velocity settles into a
new, much lower steady descent rate (~40 m/s in this scenario) as drag once again balances gravity
at the new, larger effective drag area.
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Time (s)

Figure 5. Comparison Altitude and Velocity graph between troposphere and lower Stratosphere

In Figure 5, it shows that in lower stratosphere levels, The decrease is more significant
compared to the troposphere. This is due to the air density being lower in those heights, causing it
to decrease significantly until position of 11000 km, where it decreases with less spike, following
the stratosphere trend. The terminal or maximum velocity is calculated to be 132.00 m/s, which is
close to the range of the lower stratosphere terminal velocity. The higher heights make it take more
time for the altitude to go to 0, which is why the decrease is steeper than the troposphere.

20

Acceleration vs Time

Troposphere - 15 m?
Tropesphere - 25 m?
Troposphere - 33 m?
= = Lower Stratosphere - 16 m®
= = Lower Stratosphere - 25 m*

20 —

40—

Acceleration (m/s?)

-60

80 —

-100

If — — Lower Stratosphere - 33 m?

50

100

150

200 250 300 350
Time (s)

Figure 6. Acceleration graph comparison between atmospheres and parachute area

For the acceleration, Figure 6 shows that the acceleration was initially at the dropoff position,
until it reaches terminal velocity until it decreases due to the maximum air drag force being at its

400
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maximum. As such, the graph shows that starts from positive, to small negative, then increase to 0.
At the parachute deployment, the acceleration has a low spike, due to the parachute opening
significantly decreasing the velocity. The average velocity is counted to be 5.33 m/s, which is still
in range of 5-7 m/s parachute fall speed [32].

0 Velocity vs Time for Different Parachute Areas (Troposphere)

15m?
25 m?

— 33

50 —

40—

30+

Velocity (m/s)

20

107 \
S

0 | | | | | | |
0 20 40 60 80 100 120 140 160 180 200
Time (s)

Figure 7. Velocity graph with different Parachute area

Figure 7 is shown to determine if the difference between the parachute area will affect the
terminal velocity of the skyfall. It shows that the smaller area of parachute will give higher impact
velocity, shown by the 15 m? parachute area will give the impact velocity of 6.99 m/s. While this
speed is safe, it still has a chance to give injury on skydiver. The 25 and 33 m? parachute area gives
impact velocity of 5.41 m/s and 5.05 m/s respectively, which are the safer impact velocities that
have less chance of injuries [13]. Compiling each data of height and parachute area, the data are
shown in Table 2.

Table 2. Impact and Max Velocity on Parachute area and atmosphere layer

Area (m?) Parachute Max Impact Calculated Percentage
No. Atmosphere Model  Velocity Velocity impact discrepanc
(m/s) (m/s) velocity y (%)
Troposphere 15 Opale 53.34 743 7.55 1.615
1 Rescue
’ Parachute
(33]
’ Troposphere 25 Ultra Cross  53.34 5.79 5 15.8
’ 100 [34]
Troposphere 33 Sky 53.34 5.05 4.93 2434
Country
3. SQ-33
Parachute
(35]
4 Lower Stratosphere 15 Opale 132 743 7.55 1.615
) Rescue
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Parachute
(33]
Lower Stratosphere 25 Ultra Cross 132 5.79 5 15.8
100 [34]
Lower Stratosphere 33 Sky 132 5.05 493 2.434
Country
6. SQ-33
Parachute
[35]

Table 2 shows that altitude affects terminal velocity, while parachute area affects the impact velocity.
The simulations indicate that jumps performed in the lower stratosphere produce higher max velocity at 132
m/s. This is due to the lower density of air, causing less resistance and higher velocity at lower stratospheric
height. The troposphere is significantly lower at 53.34 m/s, due to higher air drag at lower altitudes. The
expected value of terminal velocity in troposphere is 55 m/s, which is defined by equation 17 [36].

_ |2mg
£ |pAc, (31)

The expected impact velocity calculated using equation 17 is also quite similar from the calculations
and the expected value. From Table 2, the discrepancy of calculated impact velocity value and the simulated
value on 15 and 33 m? area is small at 1.615 and 2.434 percent. However, the 25 m? area has highest
discrepancy of 15.8%. This means that while the model is accurate on most parachute areas, there are some
room for improvements. In addition, the referenced parachute in the manuscript might also represent different
drag coefficients than the single constant assumed in this model. Improvement’s suggestions is doing
aerodynamic model using CFD, or apply horizontal forces and more realistic parachute opening model, and
find individual drag coefficient on each referenced parachute or parachute area.

4. Conclusions

This study presents a numerical analysis of vertical motion under aerodynamic drag using a
variable air density model. By incorporating atmospheric variations and nonlinear drag effects, the
simulation provides a more realistic representation of the system’s dynamic behavior compared to
constant-density assumptions. The results demonstrate that aerodynamic drag plays a dominant role
in governing both velocity and displacement. Prior to the increase in drag area, the system
experiences rapid acceleration and higher descent velocity. However, as aerodynamic resistance
increases, a significant reduction in velocity is observed, leading to a lower terminal condition. The
influence of air density variation further enhances this effect, as increasing density at lower altitudes
contributes to additional deceleration. In addition, the increase in area parachute also increases the
aerodynamic drag, causing higher resistance. The application of a RK4 method enables accurate
numerical integration of the governing equations, ensuring stable and reliable results throughout
the simulation. The model successfully captures both transient and steady-state responses,
highlighting the importance of coupling aerodynamic forces with atmospheric conditions. Despite
the effectiveness of the model, several limitations remain. The analysis assumes purely vertical
motion and neglects horizontal wind effects, which may influence real-world behavior.
Additionally, simplifications in aerodynamic modelling may limit accuracy under complex flow
conditions. Future work may include extending the model to two-dimensional motion,
incorporating more detailed aerodynamic coefficients, and validating the results through
experimental test.
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